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Question 1

(a)

(®

Evaluate

) : 4x + S5dx
o [
A x+1D2-x)

1

(i) f sin"lx dx
0

dx

&

a
(ii1) f xya -
0

1
6)) If I = [x"e"dx, show that
0

I =e-nl _,, where n is a positive integer.

02
(ii)  Hence evaluate f 3edadr.
0



Question 2

(@

(®

Y

The diagram shows the graph of y = f{x), a curve which passes through the origin, and
has a maximum turning point at (1, 1).

Sketch on separate diagrams the graphs of

@® y=fx+2 2
i) y=fx+2) 2
(i) »=/() 2
v) y=f(-x 2
W) y=fx] 2
2
The graph of f(x) = & thrte has the lines x=1, x=3 and y=2 as
x2+gx+r
asymptotes, and has a turning point at (0, 1).
2 _
) Use this information to show that f(x)=—2~x———4§—-+—31 . 2
x2-4x+3
(i)  Sketch the graph of y =f(x), showing clearly the coordinates of any 3

points of intersection with the x-axis and the y-axis, the coordinates
of any turning points, and the equations of any asymptotes.
(There is no need to investigate points of inflexion).



Question 3

(a) Find real numbers x, y suchthat (2 - i) (3 +xi)=y+ 5i.
() On an Argand Diagram, draw a neat sketch of the locus specified by:
|z-i] = y5Re(2)
(© @A) Write down de Moivre’s theorem for complex numbers.
() If z =cis® and z = cisf,, show that
2,23 + L~ 2cos (8, +28,).
2,22
(d (i) - Find the four solutions of z*+1=0, writing them in the form x + iy.
(ii)  Hence, or otherwise, write z* + 1 as the product of two quadratic factors
with real coefficients.
Question 4
@ @ Show that the ellipse 4x* + 9)* =36 and the hyperbola 4x* - y* =4
intersect at right angles.
(ii)  Find the equation of the circle through the intersection of the two conics.
) ) ) x? 2
(b) @) Find the equation of the tangent to the hyperbola — 5" 1 atthe
a b
point P(aseco, btano).
(ii)  If this tangent passes through the focus of the ellipse
2 2
LN A | (@>b>0)
a’? b’
show that it is parallel to one of the lines y=x or y=-x, and that its point
of contact with the hyperbola lies on the directrix of the ellipse.
(©) In a tidal river, the top of an old anchorage post measured 0-8 metres below

the water level at high tide and 0-2 metres above the river level at low tide.
High tide occurred at 6:30 am and low tide occurred at 12:35 pm on the day
that the measurements were taken. The motion of the tide can be assumed to be
Simple Harmonic.

Between high tide and the next low tide on this day, when was there at least 0-5
metres of water above the top of the old anchorage post?

Express your times to the nearest minute.



Question 5

(a) A polynomial P(x) has a double root at x = a.
(i)  Provethat P’(x) also has arootat x = .

(ii)  The polynomial Q(x)=x"- 6x’ + ax’ + bx + 36 has a double root at x = 3.
Find the values of a and b.

(iii)  Factorise Q(x) over the complex field.

(b)  The polynomial x° - 4x + 10 has roots a, B and y.
(i)  Find the polynomial equation with roots o?, B*> and y°.
(ii))  Find the value of o® + B>+ y°.

(¢)  Theequation x’-3x*-x+2=0 hasroots o, B and y.
Find the equations with roots
)] 200+B+y, a+2B+y, a+B+2y
. I 1 1
(11) Ty Ty T
a B v



Question 6

(a) Use the method of cylindrical shells to find the volume of the solid generated
by rotating the region bounded by y =Inx, the x-axis and 1 < x < e about
the y-axis.

(b)  The horizontal base of a solid is the region enclosed by the curve

1 1
|x|> +|y|> = 1. Vertical cross-sections taken perpendicular to the x-axis are
squares with one side in the base.

AY

NG

P(x,y)

=Y

1
(i)  Show that the volume of the solid is given by ¥ = 8 f (1-yx)* .
0

(i)  Use the substitution # = 1 - /x to evaluate this integral.

4



©) A solid has an elliptical base and a circular top, as shown below. The height of the
solid is 20 cm. All other dimensions are shown on the diagram.

Top surface

- ‘ radius = 2 cm

Bottom Surface

Each cross-section parallel to the base is an ellipse. A slice is taken 4 cm from the base

6] Find an expression for the area of each slice in terms of A.
(You can assume that the area of an ellipse with semi-major and
semi-minor axes of a and b respectively is mab.)

(ii))  Hence find the exact volume of the solid.

4



Question 7

(a) A water trough takes the shape of a hollow semi-circular prism with length / and
radius r. It is placed on horizontal ground and filled with water. The surface of the
water is at a distance A below the top of the trough, as shown in the diagram.

@) Show that the area 4 of the flat surface of water is given by
A = 2Iyr* - h2.

(i)  Show that the volume ¥ of water in the trough is given by

V= I[rz' : 'cos’l(ﬁ) —h\/rz—hz].
r

(iii)  If the water level is falling, show that %I: = =2lyr? - hZ% = -4 %

(iv)  On asunny day, the rate of evaporation at any time ( and hence —-%Z—/)

is proportional to 4. Show that the water level falls at a constant rate.



(®)

©

An aeroplane 4 flying at a height of 2000 metres observes a stationary blimp
B at a height of 3200 metres. Simultaneously, an object is dropped from the
blimp, and the plane fires a projectile towards it at a speed of 240 m/s and at an
angle of 0 to the horizontal. The horizontal distance between the plane and the
blimp is 3600 metres at the time that the projectile is fired.

B
f A
i
v ) |
y [ Y
A 3200 m
2000 m

- 3600 m -

The origin of coordinates O is taken to be the point on the ground below A.
The particle’s coordinates at time ¢ (secs) are given by:
x = 240¢cos®@

2
y = 2000 + 240 ¢ sin® - Sfiw.

The coordinates of the dropped object at time ¢ are:
x=3600

2
- 3200 - &~
Y 2

(You may use g= 10 m/s?)

@) What is the angle 6 at which the projectile must be fired to intercept
the object, and how long does it take to reach it?

(i) At what height does the projectile intercept the object?

Using mathematical induction, prove that

n

Y 3 <n?(m+1y

r=1



Question 8

(@ A man notices two towers, one due north, and one on a bearing of 6°,
where 0 < 0 < 90°. The angle of elevation B of both towers is the same,
but the height of one tower is twice the height of the other. Show that

5 cot?p - cota
4 cot’p
the taller tower from the top of the shorter.

cos@ = where a is the angle of elevation of the top of

(b) In the diagram below, 7P is a tangent to the circle at P, and 7Q is a secant
cutting the circle at R.

SQ is a chord of the circle such that PX and SY are perpendicular to
SO and PQ respectively.

Q

6] Prove that /TRP = /TPQ.

(i)  Explain why SPYX is a cyclic quadrilateral, and give the diameter of
the circle.

(iii)  Prove that /PYX= /PRQ.



©) The diagram below shows the hyperbola xy = ¢?. The point P( ct, —?] lies on the

curve, where ¢ # 0. The normal at P intersects the straightline y=x at N. O is
the origin.

y
w=c

1

i) Prove that the equation of the normal is y = t%x + £ -3
; t

(ii)  Find the coordinates of N.

(iii)  Show that triangle OPN is isosceles.
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; . _ 2 c
(c) (i) xy=c and P(ct, t)

2 ;
y=cx -
dy _ _e2x? M

"4 dx

It

|
=,10
~N ]

At P, gradient of tangent, m,:
2

[ S | ¥
1 ¢ tz 1 t2 :
The gradient of the normal at P is 2. L
= Hence the equation of the normal is -
Y=y =mx—-x)
y-— —Ct- =12(x— ct)
y=t2x+§—ct3 - (1)
- # Note: parametric differentiation is an alternative here.
. (ii) Puty=x .. (2) :
— Solving (1) and (2) —
. x=t2x+£—013 E
‘: t —
i 1
' 4 N
‘ Pr-x=SL=C _—
2 2 e
x(tz_l)___cgt—lt!!t +1) ‘ i:
|
c,2 .
x= ;(t + 1) provided ¢ = +1
Hence N is (g(t2 +1), -?(t2 + 1)) \
' (iii) Show that OP = NP for triangle OPN to be isosceles. |
Using d2=(x2—x,)2+(y2—y,)2
2 T
oP =(ct)’+(§) |
2 ?‘
orP2=cf"+< —
£ "
OP2= cz(t2 + l) —
2
1 :
4 o
OP? = cz(t + 1) |
_____ I 2
P —
e op=24i'+1 .

NP zé[f(tzﬂ )—ct]2+[$(t2+1)—ﬂ2 —

2 2 2
NP2=¢ (t—:’—l— t) + g5(t2+ -1y’
t

2

2
_c ¢ 4
NP2_-t3 + tz(t ) —

NP=§ 1+¢

w2 _Hence NP =OP and so triangle OPN is isosceles.




